THE UNIVERSALITY OF L AS A DUAL SPACE 



D. FREEMAN, E. ODELL AND TH. SCHLUMPRECHT 

Abstract. Let X be a Banach space with a separable dual. We prove that X embeds 
isomorphically into a Coo space Z whose dual is isomorphic to l\. If, moreover, U is a 
space so that U and X are totally incomparable, then we construct such a Z, so that Z 
and U are totally incomparable. If X is separable and reflexive, we show that Z can be 
made to be somewhat reflexive. 



1. Introduction 

In 1980 J. Bourgain and F. Delbaen [8] showed the surprising diversity of Banach 
spaces whose duals are isomorphic to l\ by constructing such a space Z not containing an 
isomorph of cq. Moreover, Z is somewhat reflexive, i.e., every infinite dimensional subspace 
of Z contains an infinite dimensional reflexive subspace. In fact, R. Haydon |16| proved the 
reflexive subspaces could be chosen to be isomorphic to t v spaces. 

The structure of Banach spaces X whose dual is isometric to l\ is more limited. Such a 
space X must contain Co [30j and in fact be an isometric quotient of C(A) |19j . Finally it 
was shown in [12] that such spaces must be cq saturated. Nevertheless, such a space need 
not be an isometric quotient of some C(a), for a < u\ pQ. 

The construction developed by Bourgain and Delbaen is quite general and allows for 
additional modifications. Very recently S. Argyros and R. Haydon [4] were able to adapt 
this construction to solve the famous Scalar plus Compact Problem by building an infinite 
dimensional Banach space, with dual isomorphic to t\, on which all operators are a compact 
perturbation of a multiple of the identity. In this paper we will prove three main theorems 
concerning isomorphic preduals of l\. 

Theorem A. Let X be a Banach space with separable dual. Then X embeds into a 
space Y with Y* isomorphic to l\ . 

Moreover, we have the following refinements of Theorem A. 

Theorem B. Let X and U be totally incomparable infinite dimensional Banach spaces with 
separable duals. Then X embeds into a space Z whose dual is isomorphic to l\, so that 
Z and U are totally incomparable. 

Theorem C. Let X be a separable reflexive Banach space. Then X embeds into a somewhat 
reflexive space Z , whose dual is isomorphic to l\ . Furthermore, ifU is a Banach space 
with separable dual such that X and U are totally incomparable, then Z can be chosen to 
be totally incomparable with U . 

We recall that X and U are called totally incomparable if no infinite dimensional Banach 
space embeds into both X and U. 
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Since there are reflexive spaces of arbitrarily high countable Szlenk index [29] Theorem B 
(with U = Co) as well as Theorem C solve a question of Alspach [2, Question 5.1] who asked 
whether or not there are spaces with arbitrarily high Szlenk index not containing cq. 
Moreover Alspach, in conference talks, asked whether Theorem A could be true. Further- 
more, Theorem B with U = cq solves the longstanding open problem of showing that if X* 
is separable and X does not contain an isomorph of Co, then X embeds into a Banach space 
with a shrinking basis which does not contain an isomorph of cq. 

In Section [2] we review the skeletal aspects of the Bourgain-Delbaen construction of 
spaces, following more or less, [4]. Theorem A will be proved in Section [H while the proofs 
of Theorems B and C are presented in Section [5j The construction used to prove Theorem A 
will also be useful in the case where X* is not separable. The construction proving Theorems 
B and C will be an augmentation of that used to prove Theorem A. 

Section [3] contains background material necessary for our proof. We review some em- 
bedding theorems from [27] and [13] that play a role in the subsequent constructions. Ter- 
minology and definitions are given along with some propositions that facilitate their use. 
In particular, we define the notion of a c-decomposition and relate it to an FDD being 
shrinking (Proposition 13. 1 1|) . This will be used to show that our constructs have dual 
isomorphic to i\ . We also show how Theorem 13.111 leads to an alternate and self contained 
proof of a less precise version of embedding Theorems 13.81 and 13.91 which is sufficient for 
their use in this paper. 

We use standard Banach space terminology as may be found in [T7J or [24| . We recall 
that X is Coo if there exist A < oo and finite dimensional subspaces E\ C £? 2 Q • ■ ■ of X so 
that X = \J^ =1 E n and the Banach-Mazur distance satisfies 

d(E n , ^ m ( E «) ) < A , for all n G N . 

In this case we say X is A»,A- an d Ex denote the unit sphere and unit ball of X, 
respectively. A sequence of finite dimensional subspaces of X, (Ei)^2 =1 is an FDD (finite 
dimensional decomposition) if every i£X can be uniquely expressed as x = X^Si x i where 
Xi G Fi for all i G N. It is usually required that Ei / {0} for all i G N for (Ei)^ to be 
a finite dimensional decomposition, but it will be convenient for us to allow E^ = {0} for 
some i's in Section [5] 

We note that there are deep constructions of spaces other then the ones in For 
example Bourgain and Pisier [9] prove that every separable Banach space X embeds into a 
Coq space Y so that Y/X is a Schur space with the Radon Nikodym Property. P. Dodos 
|llj used the Bourgain-Pisier construction to prove that for every A > 1 there exists a class 
(Kf )?<wi °f separable £oo,A spaces with the following properties. Each Y? is non-universal 
(i.e. C[0, 1] does not embed into Y^) and if X is separable with <j)Nu{X) < £, then X 
embeds into Y^. Here 4>nu is Bourgain's ordinal index based on the Schauder basis for 
C[0,1]. Now C[0,1] is a ^Coo-space and is universal for the class of separable Banach spaces. 
Theorem A yields that the class of /Zoo-spaces with separable dual is universal for the class 
of all Banach spaces with separable dual. 

We thank the referee for providing very useful suggestions, which simplified and expanded 
some results in our original version. 

2. Framework of the Bourgain-Delbaen construction 

As promised, this section contains the general framework of the construction of Bourgain- 
Delbaen spaces. This framework is general enough to include the original space of Bourgain 
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and Delbaen [5], the spaces constructed in [5], as well as the spaces constructed in this 
paper. We follow, with slight changes and some notational differences, the presentation in 
[4] and start by introducing Bourgain- Delbaen sets. 

Definition 2.1. (Bourgain-Delbaen-sets) A sequence of finite sets (A n : nGN) is called a 
Sequence of Bourgain- Delbaen Sets if it satisfies the following recursive conditions: 

Ai is any finite set, and assuming that for some nGN the sets Ai, A2,. . ., A n have been 
chosen, we let T n = Uj=i Ar We denote the unit vector basis of £i(T n ) by (e* : 7 G T n ), 
and consider the spaces £i(Tj) and £i(T n \ Tj), j < n, to be, in the natural way, embedded 
into £i(T n ). 

For n > 1, A n+ i will be the union of two sets A^ ^ and A^ 1 ^, where A^ ^ and A^ 1 ^ 
satisfy the following conditions. 
The set A^ ^ is finite and 

(2.1) A^ c {(n + l,/3,b*,f):Pe{0,l),b*€B il{rri) , and feV (n+w) }, 
where V? n+ x,/3,&*) is a finite set for f3 G [0, 1] and b* G B ei ^ n ^ . 

^n+i 1S finite an d 

(2.2) AiVj(- + l^e,/W/):^ 

I b G ^i(r„\r fc ) and / G V( n +i, a ,k,€,p,b*) 

where V"( n+1)Q , jfc ^ ^^*\ is a finite set for a G [0, 1], k G {1, 2, . . . , n — 1}, £; € A&, /? € [0, 1], and 
b*eB tl{rn \ rk) . 

Moreover, we assume that A^ ^ and Aj^L cannot both be empty. 

If (A n) is a sequence of Bourgain-Delbaen sets we put T — U^=i ^n- For n£N, and 
7 G A n we call n the rank of 7 and denote it by rk(7). If n > 2 and 7 = (n, /3, b*, /) G A^°\ 

we say that 7 is 0/ type 0, and if 7 = (n, a, k, £, /3, b* , f) & An \ we say that 7 is 0/ type 1. 
In both cases we call f3 the weight of 7 and denote it by w(7) and call / the free variable 
and denote it by f(7). 

In case that VL+x^ft*) or V(n+i,a,k,£,p,b*) i s a singleton (which will be often he case) we 
sometimes suppress the dependency in the free variable and write (n + l,/3,b*) instead of 
in + l,/3, b*, f) and (n + l,a, k,£,/3, b*) instead of (n + 1, a, k,£,/3, b*,f). 

Referring to a sequence of sets ( A„ : n G N) as Bourgain-Delbaen sets we will always mean 
that the sets An\ An\ T n and T have been defined satisfying the conditions above. We 
consider the spaces ^oodJjeA A?) ano - ^i(UjeA A7)' f° r ^ C N, to be naturally embedded 
into £oo (r) and ^i(r), respectively. 

We denote by coo(r) the real vector space of families x = (^(7) : 7GT) cR for which the 
support, supp(x) = {7GT : ^(7) / 0}, is finite. The unit vector basis of coo(r) is denoted 
by (e 7 : 7GT), or, if we regard coo(r) to be a subspace of a dual space, such as ^i(r), by 
(e* : jeT). If T = N we write c o instead of c o(N). 

Definition 2.2. (Bourgain-Delbaen families of functionals) 

Assume that (A n : nGN) is a sequence of Bourgain-Delbaen sets. By induction on n we 
will define for all 7G A n , elements c* G^x(r n -i) and d* £h(T n ), with d* = e* - c* 

For 7GA1 we define c* = 0, and thus d* = e*. 

Assume that for some nSNwe have defined (c* : 7GT n ), with c* ££i(Tj^i), if j < n and 
rk(7) = j. It follows therefore that (d* : 7 G r„) = (e* — c* : 7 G T n ) is a basis for ^i(r n ) 
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and thus for k < n we have projections: 

(2.3) P^ n] :h(T n )^ti(r n ), ^ay^ E Mr 

7er„ 7er n \r fc 

For 7 € A n+ i we define 

f2 41 c , = l> if 7 = (n + 1, /3, &*, /) G Ag„ 

7 \ael + /3P* kn] (b*) if 1 = (n + l,a,k,tP,b*,f)eA£l 1 . 

We call (c* : 7GT), the Bourgain-Delbaen family of Junctionals associated to (A n : nGN). 
We will, in this case, consider the projections PA. n i to be defined on all of coo(r), which 
is possible since (d* : 7 G T) forms a vector basis of coo(T) and, (as we will observe later) 
under further assumptions, a Schauder basis of ^i(T). 

Remarks 2.3. The reason for using * in the notation for Pf km i is that later we will show 
(with additional assumptions) that the -P^^'s are the adjoints of coordinate projections 
P(k,m] on a space Y with an FDD F = (Fj) onto ®je(k,m]^j- 

Of course we could, in the definition of A^ ^ and A^) x , assume j3 = 1, rescale b* 
accordingly, possibly increasing the number of free variables, then simply define c* = b*, if 
7 is of type 0, or c* = ae| + P^ n ](b*), if 7 is of type 1. Nevertheless, it will prove later 
more convenient to have this redundant representation which will allow us to change the 
weights of the elements of T and rescale the 6*'s, without changing the c*'s. Moreover, it 
will be useful for recognizing that our framework is a generalization of the constructions in 
[1] and 0. 

The next observation is a slight generalization of a result in J3], the main idea tracing 
back to 0. 

Proposition 2.4. Let (A n : n G N) be a sequence of Bourgain-Delbaen sets and let (c* : 
7 G r) be the corresponding family of associated functionals. Let {P* k m j : k < m) and 
(d* : 7GT) be defined as in Definition ^. 2[ Thus 

p (k,n] : c oo(r) -> coo(r), ^a 7 d*-> a i d r 

7 er 7er„\r fc 

For n G N, let F* = span(d* : 7 G A n ) and for € [0, 1 /2) Ze* Ci (0) = Ci = and if n > 2, 

C n (0) = sup{/3||P ( * fc>m] (6*)|| :j = (h,a,k,C,l3,b*J)eA^,k<m<h<n,P>e}, 
with sup(0) = 0, and 

C n = C n (0) = sup {P\\P( kim] (b*)\\ : 7 = (n, a, fc, £, P, b* , f) G a£\ k < m < h < n). 
Then 

(2.5) ©£ =1 F* = span(e; : 7 Gr n ) = h(T n ), 

and if C = sup n C n < 00, then F* = (F*) is an FDD for ii(T) whose decomposition 
constant M is not larger than 1 + C. Moreover, for nGN and 0< 1/2, 

(2.6) C n < max (20/(1 -29), C„(0)). 
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Proof. As already noted, since d* = e* — c*, and c* G £i(r n _i), for nGN and 7G A„, (12.51) 
holds. By induction on reGN we will show that for all < m < n, ||Pr* m j Ui^^) II — 1 + Cn 5 
and that (|2.6|) holds, whenever 9 < 1/2. For n = 1, and thus rei = and Ci = 0, the 
claim follows trivially (\\PX \\ = 0). Assume the claim is true for some n G N. Using the 
induction hypothesis and the fact that every element of P^rr \ is a convex combination 
of {±e* : 7Gr n+ i} and C n {9) < C n+ \(9), it is enough to show that for all 7G A n+ i and all 
m < n 



(2.7) ||P [1)m] (e;)||<l + C n+1 and 

(2.8) ||/3Pf feH (&*)||<^ 

According to (|2.4p we can write 

e*=£ f + c*=£ f + ae\ + pP( Kn] (b*), 

with a,/3G [0, 1], 0<k<n, £ G A& (put /c = and a = if 7 is of type 0), and b* G Pg^r \r fe ). 
Thus 

^[l.m]^) = a - P [l,m]( e |) + /^(miii(m,fc),m] )■ 

Now, if k > m, then P* m j(e 7 ) = ctPj* m j (e|) and thus our claim (12.7P follows from the 
induction hypothesis: 

\\aP( lM (el)\\<l + C k <l + C n+l . 
If A; < m it follows, again using the induction hypothesis in the type case, that 
||P[i H (e;)|| < "HH+^H^)!! < 1 + which yields (ZZJ). 

In order to show (^gjl . let 7 = (n + 1, a, A;, £, P, b* , /) € Aj^, with ft <9 < 1/2. We 
deduce from the induction hypothesis that 

||/3P ( * fe , m] (ni| < ^(ll^[U]k(r„)ll + ll^i, fe ]k(rn)ll) 
< 29(C n + 1) 

'29{C n {9) + 1)) < 20C n (0) + C n (9)(l - 29) = C n {9) if C n {9) > 

29 ( 1^28 + 1 ) = -3m otherwise, 



/ 29 

< m ax ( 1 _ 29 ,Cn ^ 

This finishes the induction step, and hence the proof. □ 

Remarks 2.5. Let T be linearly ordered as (7^ : j GN) in such a way that rk(7j) < rk(7j), 
if i < j. Then the same arguments show that, under the assumption C < 00 stated in 
Proposition 12.41 (^7 ) is actually a Schauder basis of i\ @J. But, for our purpose, the FDD 
is the more useful coordinate system. 

The spaces constructed in [4j satisfy the condition that for some 9 < 1/2 we have (3 < 9, 
for all 7 = (n, a, k, a*, /3, b*, f) G T of type 1. Thus in that case C n {9) = 0, nGN, and the 
conclusion of Proposition [21] is true for C < 29/(1 - 29) and, thus M < 1/(1 - 29). 

The Bourgain-Delbaen sets we will consider in later sections will satisfy the following 
condition for some < 9 < 1/2: 

(2.9) For each n G N and 7 = (re, a, k, £, /3, 6* , /) G , 

either f3 < 9, or b* = e* for some 7/ G A m , k < m < n, such that c* = 0. 
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Note that in the second case it follows that e* = d* and so P^m]( e v^ = e*. Thus, 
/3\\P* k m i (b*) || = /3||e*|| < 1, and thus, we deduce that the assumptions of Proposition 
12.41 are satisfied, namely that F* is an FDD of l\ whose decomposition constant M is not 
larger than max(l/(l — 29), 2). 

Assume we are given a sequence of Bourgain-Delbaen sets (A n : nGN), which satisfy the 
assumptions of Proposition 12.41 with C < oo and let M be the decomposition constant of the 
FDD (F*) in ^i(r). We now define the Bourgain-Delbaen space associated to (A n : nGN). 
For a finite or cofinite set 4cN, we let P\ be the projection of l\(T) onto the subspace 
QjeAFj given by 

Pa ■ 4(r) h(T), Yl a 7 d 7 ^ Yl a ^ d r 

If A = {m}, for some mSN, we write P m instead of Pf m \- F° r wGN, we denote by R m the 
restriction operator from ^i(r) onto £i(T m ) (in terms of the basis (e*)) as well the usual 
restriction operator from ^oo(r) onto £oo(^m)- Since R m o Pj* , is a projection from ^i(r) 
onto £i(T m ), for mGN, it follows that the map 

Jm '■ £oo(Xm) ~~ ^ ^oo(r); X ' ^ P[l,m] Pmi x )i 

is an isomorphic embedding (i^[* m j is the adjoint of P* lm ^ and, thus, defined on £oo(T))- 
Since R m is the natural embedding of £oo(T m ) into £oo(X) it follows, for all mGN, that 

(2.10) R m o J m (x) = x, for x G ^oo(r m ), thus J m is an extension operator, 

(2.11) J n o R n o J m (x) = J m (x), whenever m < n and x G ^oo(r m ), 

and by Proposition 12.41 

(2.12) || J m \\ < M. 

Hence the spaces Y m = J m {£oo{^m))-, mGN, are finite-dimensional nested subspaces of 

^oo(r) which ( via Jm) &re ilPisomorphic images of £oo(F m ) . Therefore Y — UmgN ^ n ^ 
a £oo 5 a/ space. We call Y the Bourgain-Delbaen space associated to (A n ). It follows from 
the definition of Y, and from 12.101 that for any x £ ^oo(r) we have 

(2.13) xeY ^> x= lim \\x - J m o R m (x)\\ = 0. 

m— >oo 

Define for mGN 

P[l,m] : ^ y, x^J m oR m (x). 
We claim that P[i jTn ] coincides with the restriction of the adjoint Pr** m i of Pr* , to the space 
K Indeed, if nGN, with n > m, and x = J n (x) Gi^,, and b* G ^i(r) we have that 

(PllM(xW = (x,P*i M (b*)) 

= {R m (x),R m o P* 1H (6*)) (since Pf ljm] (6*) G span( e ; : 7 G T m )) 
= (Pgm] oR; n oR m (x),b*) = (P [lM (x),b*). 

Thus our claim follows since (J Y n is dense in Y. 

We therefore deduce that Y has an FDD (F m ), with F m = (P[i. m ] — Pu m -\\)(Y)-> and 
as we observed in (|2.12p . Y m = @™ =l Fj is, via J m , M-isomorphic to £oo(^m) for m G N. 
Moreover, denoting by Pa the coordinate projections from Y onto (Bj^AFj, for all finite or 
cofinite sets A C N, it follows that Pa is the adjoint of PJ restricted to Y, and P A is the 
adjoint of Pa restricted to the subspace of Y* generated by the P^'s. 
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As the next observation shows, Jm\i oc (A m ) is actually an isometry for m G N. 

Proposition 2.6. For every m G N the map Jm\e ao (A m ) * s an isometry between £oo(A m ) 
(which we consider naturally embedded into ioc,(T m )) and F m . 

Proof. Since J TO (4o(A m )) = ( J m - J m _!)(A m ) = F m , for m G N, J m is an isomorphism 
between ^oo(A m ) and F m . By I2.10| for x £ £oo(A m ), ||J m (x)|| > ||a?||. In order to finish 
the proof we will show by induction on n £ N that |e*(J m (x))| < 1 for all 7 G A n and 
x G 4o(A m ), \\x\\ < 1. 

If n < m this is clear since R m o J m (x) = x. Let n > m and assume our claim is true 
for all 7 G T n . Let 7 G A n+ i and write e* as e* = ae| + f3P* kn \(b*) + c?*, with a G [0, 1], 
A; < n, e| G A&, and b* G ^!(r n \r fe ) (a = 0, A; = 0, and replace e| by if 7 is of type 0). 
We have for x G £ QO (A m ), with ||x|| < 1, 

(e;,J m (x)) = (P^ m] (e;),R* m (x)) 

= iP( P ( k ,m]( b *)> R *mW) = (3{P? lM (b*),R*m(x)) = P{b*,Jm(x)) if k < m 

\a(el,R* m (x)) = a(P^ m] {el),R* m {x)) = ot{e\,J m {x)) if k > m. 

Where the first equality in the first case holds since {PZ fc i(&*), R^ n {x)) = 0. Using our 
induction hypothesis, this implies our claim. 

□ 

Denote by || • ||* the dual norm of Y* . 
Proposition 2.7. For all y* G £i(T) 
(2-14) < \\y*\\ tl <M\\y*\\*. 

and if y* G ®^ =ra+l F* , with < m < n, then there is a family (fl7) 7 er n \r m so that 

(2.15) y* = P *m,n]{ E ^;)and\\ £ a^e*\^ < M\\y*\\*. 

7ern\r m 7er n \r m 

Proof. The first inequality in (12.14j) is trivial. To show the second inequality we let y* G 
^i(r n ) for some nGN and choose x G S£/r n \ so that (y*,x) = \\y*\\^ 1 . Then, from f|2. 12|) 
and (I2TT0]) . 

\\y*\\* > (y^YjJnix)) = ^llylk- 



M v V M 
If y* G ©" =m+1 .FJ , we can write y* as 



Since -P* mjn] (e*) = 0, for 7 G T m , we obtain 



V = 2^ a 7 e 7- 
7er„ 



2/* = ^n,n](y*) = ^(kn]( E ^ 

7er„\r m 

Moreover we obtain, from (|2.14p . that 

7Gr„\r m 1 7er n 1 
which yields dHS]). □ 
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We now recall some more notation introduced in [3J. Assume that we are given a 
Bourgain-Delbaen sequence (A n ) and associated Bourgain-Delbaen family of functionals 
(c* :7GT), corresponding to the Bourgain-Delbaen space Y, which admits a decomposition 
constant M < oo. As above we denote its FDD by (F n ). For nGN and 7 G A n , we have 

*=H*+ *=rl* + i Pb * if 7 =(n,/3,6*,/)GAi 0) , 
S 7 7 7 \«^+/3P ( * M (6*) if 7 = (n,a,fc,C,/3,6*,/)€A( 1 ). 

By iterating we eventually arrive (after finitely many steps) to a functional of type 0. By 
an easy induction argument we therefore obtain 

Proposition 2.8. For all n G N and 7 G A n , there are a G N, f3\, 0%, . . . /3 a G [0,1], 
«i, «2, • • • «a G [0, 1] and numbers = po < pi < P2 — 1 < P2 < P3 < Pz — 1> • • • < Pa-l < 
p a -l < p a = n in N , vectors b*, j = 1,2... a, 6* G ^(r^-Ar^), (£j)°=i c r «> 
G A Pj . , /or j = 1,2 ... a, and ^ a = 7, so that 



(2-i6) e ; = Evi J +^_ 1 

Moreover for 1 < jo < a 



( 2 - 17 ) e ; = ^o4, + £ 

i=io+i 

We call the representations in ()2. 16|) and (|2. 1T[) the analysis of 7 and partial analysis of 
7, respectively and let cuts( 7 ) = {pi,P2, ■ ■ -Pa}, which we call the set of cuts 0/7. 

3. Embedding background and other preliminaries 

Our constructions will depend heavily on some known embedding theorems. We review 
these in this section and add a bit more to facilitate their use. M. Zippin [3T] proved that 
if X* is separable, then X embeds into a space with a shrinking basis. So, in proving 
Theorem A, we could begin with such a space. However, to make our construction work, we 
need a quantified version of this theorem which appears in |13j . For Theorem C, we need a 
quantified reflexive version [27]. We begin with some notation and terminology. 

Let E = (Ei)^ t be an FDD for a Banach space Z. coo(©^i-Ei) denotes the linear span of 
the Ei'a and if B C N, coo(®feB-E'i) is the linear span of the E^s for i£B. P n = '■ Z — > E n 
is the n th coordinate projection for the FDD, i.e., P n {z) = z n if z = z i^Z with Zi ZzEi 
for all i. For a finite set or interval ACN, Pa = P^ — XmeA ^n- ^he projection constant 
of (E n ) in Z is 

K = K(E,Z) = S up{\\P$ lM \\:m<n] . 

E is bimonotone if K (E, Z) = 1. 

The vector space coo(©^i where £"* is the dual space of Ei, is naturally identified 
as a w*-dense subspace of Z* . Note that the embedding of E* into Z* is not, in general, an 
isometry unless K(E, Z) = 1. Now we will often be dealing with a bimonotone FDD (via 
renorming) but when not we will consider E* to have the norm it inherits as a subspace 

of Z*. We write ZW = [c o(®Zi E i)\- So zW = z * if i E i)™i is shrinking, and then 
E* = (E*)^ is a boundedly complete FDD for Z*. 

For zGcoo(©^ ;1 -Ej) the support of z, supp E (z), is given by supp E (z) = {n : P^iz) 0}, 
and the range of z, ran^iz) is the smallest interval [m,n] in N containing supp E (z). 
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A sequence (^i)f =1 , where i € N or I = oo, in coo(©^!-Ej) is called a block sequence 
of (Ei) if maxsupp E (z„) < minsupp E (;z n+ i) for all n < £. We write z n < m to denote 
maxsupp E (z n ) < m and z„ > m is denned by minsupp E (z n ) > m. 

Definition 3.1. [26] Let Z be a Banach space with an FDD E = (Ei)%L v Let V be a 
Banach space with a normalized 1-unconditional basis (fj)^i, and let 1 < C < oo. We say 
that (E n )^ =1 satisfies subsequential C -V -upper estimates if whenever (zi)°^ =1 is a normalized 
block sequence of E with mi = minsupp E (zj), i GN, then (zj)?^ is C -dominated by (v mi )^ 1 . 
Precisely, for all (a;)-*^ CM, 

oo oo 

Similarly, (-En)^! satisfies subsequential C-V-lower estimates if every such (-Zi)i^i C" 
dominates (fmi)^i- 

We say that (E n )^ =1 satisfies subsequential V -upper estimates or subsequential V -lower 
estimates if there exists a C > 1 so that (-E n )£!Li satisfies subsequential C-^-upper estimates 
or subsequential C-^-lower estimates, respectively. 

These are dual properties. If (v*)^ =1 are the biorthogonal functional of (vi)f2 zl we define 



subsequential F*-upper /lower estimates to mean as above with respect to (v. 



* \oo 
i )i=l- 



Proposition 3.2. [261 Proposition 2.14] Let Z have a bimonotone FDD (Ei)^l 1 and let V be 
a Banach space with a normalized 1-unconditional basis (vi) ( ^ zl with biorthogonal junctionals 
(f^)^ =1 . Letl<C<oo. The following are equivalent. 

a ) satisfies subsequential C-V -upper estimates in Z. 

b) satisfies subsequential C-V* -lower estimates in Z^*\ 

Moreover, the equivalence holds if we interchange "upper" with "lower" in a) andb). If the 
FDD {Ei)°^ =l is not bimonotone the proposition still holds but not with the same constants C . 
These changes depend upon K(E,Z). 

Recall that A C Bz* is d-norming for Z (0 < cZ < 1) if for all zGZ, 

d\\z\\<sup{\z*(z)\ : z*eA} . 

We will need a characterization of subsequential F-upper estimates obtained from norm- 
ing sets. 

Proposition 3.3. Let Z have an FDD E = (Ei)^L 1 and let V be a Banach space with a 
normalized 1-unconditional basis (vi)'?2 =1 . Let 0<d< 1 and let A C Bz* be d-norming for 
Z . The following are equivalent. 

a) (Ei)°2 =1 satisfies subsequential V -upper estimates. 

b) There exists C < oo so that for all z* £A and any choice of k and 1 < i%i < ■ ■ ■ < n^+i 
in N, 

k 



Ell * nE || * 

\\z "l „ JK. 



i=l 



<c . 



Moreover, if (Ei)°^ =1 is bimonotone, then a') => b') =>■ b") => a") where 
a') (Ei)°^ 1 satisfies subsequential C-V -upper estimates. 
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b') For every x* £ Sz* and any choice of k and 1 < m < < • ■ ■ < n^+i in N, 



En * pE || * 



<c . 



8=1 



b") For every z* £A and any choice of k and 1 < m < • • • < n^+i in N, 

k 



^2 H Z * oP [n l ,n l+1 )ll ?J n l 



<c . 



1=1 



a") (Ei)^ 1 satisfies subsequential Cd 1 -V -upper estimates. 

Proof. By renorming, we can assume that (Ei) < £L 1 is bimonotone and thus we need only 
prove the "moreover" statement. 

a') => b') follows from Proposition 13.21 Indeed, (z* o n ))f =1 is a block sequence of 
(E*), whose sum has norm at most 1, and minsupp E * (z* o PP n ,) can be assumed equal 
to rii by standard perturbation arguments, 
b') => b") is trivial. 

b") =^ a ). Let ( normalized block sequence of (Ei) with mi = minsupp E (zj) for 

i<n. Let m n+ \ = maxsupp E (2: n ) + 1. Let (aj)" C M and choose z* with 



^aizA > d\\ 



i=l 



(l j j ; 



8=1 



Thus, 



8=1 



< 



di z [ Zi , 



HE 

8=1 
n 

= (T 1 J^Oj** ° P K,m i+1 )(^) 
8=1 

n 

< d 1 >^ let* I II 2* o P r 5, J| 

— / > I 'Ml [mi,m i+ i) II 



8=1 



d 1 ( H z * ° P K,m l+1 ) IK) ( E l a *K 

8=1 



byb"; 



8=1 



1=1 



□ 



We recall some terminology concerning finite subsets of N which can be found for example 
in [5] or [28]. 

Definition 3.4. [N] <w denotes the set of all finite subsets of N under the pointwise topology, 
i.e., the topology it inherits as a subset of {0, 1} N with the product topology. Let A C [N] <£J . 
We say A is 

i) compact if it is compact in the pointwise topology, 

ii) hereditary if for all A £ A, if B C A then Be A, 

iii) spreading if for all A = (ai, . . . ,a n ) £ .4 with eti < 02 < • • • < a n and all B = 
(61, ... , b n ) £ [N] <£J with 61 < 62 < • • • < frn and ctj < &, for i < n, S £ .A, such a i? is 
called a spread of A, 

iv) regular if {n}£.4 for all n£N and A is compact, hereditary and spreading. 
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We note that if A C [N] <w is relatively compact, or equivalently if A does not contain an 
infinite strictly increasing chain, then there is a regular family, B C [N] <t ^, containing A. 

Definition 3.5. Let A C [N] <w be a regular family. A sequence of sets in [N] <w , A\ <A2 < 
■■■<A n (i.e., max^4j <minA; + i for i<n) is called A- admissible if (mm Ai)f =1 £ A. 

Tsirelson spaces 3.6. Let A C [N] <w be a regular family of sets and let < c < 1. The 
Tsirelson space T_4 jC is the completion of coo under the norm || • ||_4. c which is given, implicitly, 
by the equation 

n 

IMU C = IMIocVsup{^cP^|U iC :neN , and A\ < ■ ■ ■ < A n is „4- admissible j . 

i=i 

Here AiX = x\a^ The unit vector basis (ti) of coo is always a shrinking and 1-unconditional 
basis for T^ c . If the Cantor - Bendixson index of A (c.f. [28J or [5]) is at least u then T^ c 
does not contain any isomorphic copy of l v or cq, and hence T^ c must also be reflexive as 
every Banach space with an unconditional basis which does not contain an isomorphic copy 
of Co or i\ is reflexive. 

If A = S a is the a^-Schreier family of sets, where a<oj±, we denote T^, c by T C)Q ,. For 
more on these spaces (see e.g., [5], [23], [27] and the references therein). Let us recall that, 
for n € N, the spaces T ac and T a n^ c n are naturally isomorphic (via the identity). 

Remark 3.7. We will later use the fact that if X has an FDD (Ei)^ =1 satisfying subsequential 
T^c-upper estimates for some regular family A, then (Ei) c ^ l is shrinking. Indeed every 
normalized block sequence of (Ei) c ?l l must then be weakly null, since it is dominated by a 
weakly null sequence. This is equivalent to (Ei)'^l 1 being shrinking. 

Our embedding theorems. 13.81 and 13.91 below, refer to the Szlenk index, S Z (X), [29J. If X 
is separable then S Z (X) is an ordinal with S Z (X) <ui if and only if X* is separable. Also 
S z (T c , a ) = u a -" [23 Proposition 7]. If 5 z (X)<wi then S Z (X) = ^ for some /3<wi. Much 
has been written on the Szlenk index (e.g., see[S], [7], p3], [H], [E], [21], [22], [27]). 

Theorem 3.8. \y&\ Theorem 1.3] Let a<uj\ and let X be a Banach space with separable 
dual. The following are equivalent. 

a) 5 z (X)<w a - w . 

b) X embeds into a Banach space Z having an FDD which satisfies subsequential T c ^ a - 
upper estimates, for some 0<c<l. 

Theorem 3.9. [27^ Theorem A] Let a<oj\ and let X be a separable reflexive Banach space. 
The following are equivalent. 

a) S z (X)<u a -" andS z (X*)<u: a - w . 

b) X embeds into a Banach space Z having an FDD which satisfies both subsequential 
T c , a -upper estimates and subsequential T* a -lower estimates, for some 0<c<l. 

We note that the upper and lower estimates in both theorems are with respect to the 
unit vector basis (ti) of T C)Q and its biorthogonal sequence (t*), a basis for T* a . 

In order to use Theorem 13.81 in our proof of Theorem A, we need to reformulate what 
it means for an FDD for X to satisfy subsequential T C)Q ,-upper estimates in terms of the 
functionals in X* . We first need some more terminology. 
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Definition 3.10. Let E = (^)i^i be an FDD for a space X and let < c < 1. Let 

x G coo(®^i-Ej)- A block sequence of E, (xi, . . . ,xg), is called a c- decomposition of x if 

e 

(3.1) x = Xi and, for every i<£, either |supp E (xj)| = 1 or <c . 

i=i 

Clearly every such x has a c-decomposition. The optimal c- decomposition of x is defined 
as follows. Set n\ = min supp E (x) and assume n\ < n 2 < • • • < rij have been defined. Let 

+ 1 , if ||P„ E (x)|j >c, 



Tlj+l 



min{n : \\P^ t . n ](x)\\ > c} , if ||P^(x)|| <c and the "min" exists, 



k 1 + maxsupp E (x) , otherwise. 

There will be a smallest £ so that ng + i = 1 + maxsupp E (x). We then set for i < £, 
Xi = PP „ dx). Clearly (xj)f_i is a c-decomposition of x. Moreover, and this will be 

important later, if (Ei) is bimonotone and j< |_^/2_|, then ||x2j-i + X2j\\ > c. 

Let A C [N] <w be regular. We say that the FDL> (£;)i=i /or A" zs (c, A) -admissible 
in X if every x £ 5"x H coo(ffi^i-E'i) has an ^-admissible c-decomposition, (xj)^ =1 , where 
(supp E (xj))^ is A-admissible, i.e., (minsupp E (xj))| =1 G»4. 

Theorem 3.11. Let E = (Ei)^2 zl be a bimonotone FDD for a Banach space X. The 
following statements are equivalent. 

a) (Ei) is shrinking. 

b) For all < c < 1 i/iere exists a regular family A C [N] <w so £/iaf every x* G 
-Bx* fl coo(©^!-E7) has an optimal A-admissible c-decomposition. 

c) There exists D C P>x* fl Coo(©^ 1 £ ; *), < c < d < 1 and a regular family A C 
[N] <w ; so £/iaf D is d-norming for X , and every x* £ D admits an A-admissible 
c-decomposition. 

d) There exists a<uj\, 0<c<l ; 1 < C, and a subsequence (t mi )*i 1 of the unit vector 
basis for T CjQ , ; so that (Ei) < ^ =1 satisfies subsequential C — (t mi )^ 1 upper estimates. 

Proof, a) =>- b). Assume 6) fails for some < c < 1. Then the set 

{(minsupp£*(x*))™ =1 : (x*)™ =1 is the optimal c-decomposition of some x* G Bx-dcoo^iZiEj^ 
is not relatively compact in [N] <w . This yields a sequence (ni) ( j^ 1 G [N] w so that for all iV G 

N, there exists x*(N) G B x * nc o(©^ :1 -E*), with an optimal c-decomposition (x*(N)f^ so 
that minsupp^, (x*(N)) = rii for all i < N. After passing to a subsequence, we may assume 
that limjv^oo x*(N) = x* for some x* G B x * n c o(©^i-E*) with supp(x*) C [ui,n i+1 ) for 
all i € N. We have that ||x*(A) + x* +1 (iV)|| > c for all N G N and 1 < i < £(7V), and 

hence \\x* + x* +1 \\ > c for all i G N. Furthermore, || ^=1 x*(N)\\ < \\ x*(N)\\ < 1 for 

all JVeN, and hence sup^gN |j YliLi x i (N)\\ < 1- We conclude that (x*) is not boundedly 
complete, and hence (Ei)°^ 1 is not shrinking. 

b) =>■ c) is trivial. 

c) =>- d). Let D, < c < d < 1, and .4 be as in c). We define 

B={nUBiU5 2 : n G N, B u B 2 G A} U {0}. 

It is easily checked that B = B_a is regular. Let (U)°^ 1 be the unit vector basis of T c / d S . 
We will prove, by induction on s G N, that if (xj)^ =1 is a normalized block sequence of E 



THE UNIVERSALITY OF l x AS A DUAL SPACE 



13 



with finite length and |supp E (^ i=1 x{)\ < s, then for all (ai)^ C 

k 



(3.2) 



k 
i=l 



it' i * ^ / 



— C ai ^ min su PPe ( x i ) 



1=1 



'-c/d, 1 



This is trivial for s = 1 and also clear for k = 1, so we may assume k > 1. Assume it holds 
for all s' < s. Let (xi)\ =l be a normalized block sequence of E with |supp E Q^ i=1 Xj)| = s+1. 
Let mi = minsupp E (xj) for i<k and set m^+i = 1 + maxsupp E (xfc). Let (oi)f = i C R and 
c/d<p<l be arbitrary. Since P is d-norming for X, there exists x*£D with 



x. 



i=l 



i=l 



Let x* = P£* m )(z*) where E* = (P*)~ i is the FDD for jW. By the bimonotonicity of 

E, ||x*||<l and also ||£*Q^i=i ^^i)!! — pd\\J2i=i a k x i\\- Furthermore, since x* admits an 
^.-admissible c-decomposition, so does x*. Let (x*)f =1 be an ^.-admissible c-decomposition 
of x* and let n, = minsupp E . (x*) for i<£. Thus (rij)f =1 G A 
If £ = 1, then x* € P| for some j and so 

fe fc 
|| y^ajXjW < (pdy 1 x*(^^a,iX^ < (pd)~ x \aj\ 



i=l 



i=l 



<M" l ||E 



i=l 



< c 



-l \ " 



i=l 



so holds. 



If £ > 1, we proceed as follows. Define 

Pi = {rrii : i<k and there exists j<£ with mi<rij <mi+\} , 

P 2 = {mj + i : i<k and m.;€Pi} , 

and let n = mm(P x ). Then B = Pi UP 2 = {n}U(5i\{n})U5 2 G^. Indeed P 2 € ,4 since 
it is a spread of a subset of (rij)j =1 GA, by the definition of Pi. Similarly Pi \ {n}£A. 
Write P = {m{ )j : j < £'} where b\ < 6 2 < ■ " " < b#. Set m^, = nik+i- Since k > 1, 

|supp E (Y^^ 1 — s i f° r j — an d our induction hypothesis applies to such blocks. 

Moreover, if bj+i ^ bj + 1 for some j < £', then there is at most one x\ whose support 

L P*, since no n« can satisfy mj,. < ni < nib . In addition, 



is not disjoint from 
|supp E *(xj)| > 1 in this case, and so ||x*|| <c which yields 



'j+i- 



Oj+i- 



*( ^2 aiXi 



i=bj 



Oj + l- 



<C 



i=bi 



We obtain for I = {j<£' : b j+1 ^ bj + 1} and J = {1, . . . , £'} \ I, 



pd\\ y^ajXj 



i=i 



< 



< 



£■ 

i=l 



6j+i-l 

£ 



+ |E 



x*(a bj x b] ] 



14 



D. FREEMAN, E. ODELL AND TH. SCHLUMPRECHT 



< 



< 



b J+1 -l 

II £ 

i=b 3 



(I i J i 



J6J 



i=b 



O'ltrrii 



i=i 



ftj+i-i 



+ H ab ^ 
j'eJ 



"if,,- 



by the induction hypothesis, 



by definition of the norm for T c j^ g A . So 



pc 



i=l 



< 



i=l 



8=1 



Since p< 1 was arbitrary this proves (|3.2|) . Now the set is regular, so its Cantor-Bendixson 
index CB(B) is less than uj\. By Proposition 3.10 in [28], if a < uj\ is such that CB(B) < w a 
then there exists (m*)?^ € [N] w such that {(m;) iGF : F € B} C 5 a . It follows, from ([3T2J) 
that (Sj) satisfies subsequential c _1 — (imj^ upper estimates, where (U)^ 1 is the unit 
vector basis of T c j da . 

d) =>■ a) is immediate since (t mi ) is weakly null. 



□ 



Remarks 3.12. In Theorem 13. Ill if the FDD (Ei) for X is not bimonotone, then the Propo- 
sition holds with slight modification. Let K be the projection constant of (Ei). The hy- 
pothesis "0 < c < d" in c) should be changed to "0 < c < d/K". This is seen by renorming 
X, in the standard way, so that (Ei) is bimonotone: 



sup ||Pf 



E 

m,n] 



Then D becomes d/i^-norming for (X, 
with c _1 replaced by Kc -1 . 



). Furthermore, (13. 2p becomes valid for (X, 



It is worth noting that Proposition 13.111 yields, as a corollary, the following less exact 
version of Theorem 13.81 A similar version of Theorem 13.91 would also follow. 

Corollary 3.13. Let X be a Banach space with X* separable. Then there exists a < uj\ 
and < c < 1 so that X embeds into a space Y, with an FDD (F{) satisfying subsequential 
T C}a -upper estimates. 

Proof. By Zippin's theorem [31], we may embed X into a space Z with a shrinking FDD 
(Ei). By Theorem 13.111 cZ) . we obtain the result, except that the estimates are with respect 
to (t mi ). We expand the FDD by inserting the basis vectors (tj)je(m.i-i,mi) between E^\ 
and Ei to obtain the desired FDD in a subspace of Z © T c a . □ 



Using Proposition 12.81 we can derive from Theorem 13.111 the following sufficient and 
necessary condition for the dual of a Bourgain-Delbaen space to be isomorphic to l\ . 

Corollary 3.14. Let Y be the Bourgain-Delbaen space associated to a Bourgain-Delbaen 
sequence (A n ) satisfying condition (|2.9p for some 9 < 1/2 (and thus the conclusion of 
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Proposition El with M < max(l/(l - 26), 2) ) and let F = (Fj) be the FDD of Y as 
introduced in Section [2] and F* = (Fj). Define 

oo 

C = {cuts( 7 ) : 7 G (J A„J. 

re=l 

T/ten F is shrinking ( and thus Y* is isomorphic to t\) if C is compact, or equivalently, if C 
does not contain an infinite strictly increasing chain. 

Proof. Indeed, assuming (]2.9p . in the analysis of 7 G T 

all the /3j 's are at most 0, except the ones for which the support of Jiij) (with respect 

to F*) is at most a singleton. Therefore the analysis of 7 represents a c-decomposition of 
e* and, thus, Theorem 13.111 yields that F is shrinking. □ 

4. The proof of Theorem A 

Let X be a separable Banach space. We will follow the generalized BD construction in 
Section [2] to embed X into a jC>oo space Y . Since X can be embedded into a space with basis 
(for example C[0, 1]), we can assume that X has an FDD, which we denote by E = (Ei), 
and after a renorming, if necessary, we can assume that E is bimonotone. If X* is separable 
then we can assume that E is shrinking by |31j . 

The Bourgain-Delbaen space Y, which we construct to contain X, will have Y* isomorphic 
to £\, in the case that X* is separable. 

To begin we fix < c < 1/16 and choose < e < c, and (£j)£i c (0> e ) wrtn £% I so 
that 

00 

(4.1) 12 £i< l andVei<^ for all raGN . 

i=l i>n 

Next, for iGN, we choose Ri C (0, 1] and A* C Se* to be £j/8, dense in their respective 
supersets, with 1 e Rj for all i £ N. We then choose an appropriate countable subset, 
D C -Bx* n coo (©-#*), which norms X. 

Lemma 4.1. There exists a set D C (F$x* \ \Bx*)^cqq(®E*) with the following properties. 

a) A* m :=DnE m = j^jgA^, for m G N. 

b) Dn( ©j= m Fj) is finite, and (1 — e) -norms the elements of ® 1 j =m Ej, for all m < n 
in N. 

c) Every x* G D can be written as x* = J2i=i r i x h where (r\x\, . . . , r^xf), is a c- 
decomposition of x* and x* G D, and G R m a,xsupp(x*)> f or i = 1, ■ ■ Moreover 

(SUPPW))^ € {(suppK))^ : " ^ ^^Tf"} ■ 

I 0/ some z G Bx* n coo ( ®j=i Fj ) I 

If (Ei) is 1-uncondtional in X then (a) and (b) can be replaced by 
a') A* m := D D E m = A* m , for m G N. 

b') D fl ( ©jgs -EJ) is finite, and (1 — e)-norms the elements of (Bj^BEj, for all finite 
B C N. 
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For D as in Lemma f4.1l and each x* G D we pick such a c-decomposition (r\x* , t^x\, . . . mx* 
and call it the special c-decomposition of x* . If x* G A* = D n E*, we let (x*) be its own 
special c-decomposition. 



Proof. We abbreviate supp E *(-) by supp(-), and we abbreviate ranE*(-) by ran(-). Define 
1 



H 



l + e/4 



n 

E a iX * 

-^p : m<n , ajGi?j and x*£A* for i€[m, n] 



We note the following properties of H. 

(4.2) H is countable. 

(4.3) H n is finite for all nGN . 

(4.4) H n ®" =m E? (1 - e)-norms ®f =m Ei, for all m < n in N. 

(4.5) If x* GH and supp(x*) n [m,n] ^ cf>, m<n, then — G (l+e/4)H. 

Set H n = {h £ H : |ran(/i)| = n} and thus H = U™ =1 H n . For each n G N we will 
inductively define for /i G H n , an element /i € {Bx* \ \Bx*) H coo(©^ =1 -E , l *)- We then set 
D n = {h : h £ Hn} and D = U n6 N-D n . 

If h G Hi, let h = h. Let n > 1 and assume that Z? m has been defined for all m < n. Let 
/i G H n and (z*, . . . ,zf) be the optimal c/(l + e/4)-decomposition of /i. Note that £ > 2 
since n > 1 and = 1/(1 + e/4). We write the decomposition as 



By the definition of H, \\z*\\ < 1/(1 + e/4) and so < s { = \\z*\\(l + e/4) < 1 for i < I. If 
hi G" Hi, then = \\z*\\ < c/(l + e/4) and so Sj < c. 

For i < £, choose n G -R max s U pp(^) with \ r i ~ s*| < ^maxsupp^)/ 4 and < c if /i £ Hi. 
We define h = Ei=i r i^-i- By induction, we will verify the following. 

(4.6) supp(/i) = supp(/i) 

(4.7) \\h -h\\< £ i 

jGsupp(h) 

(rihi,..,r e he) is a c-decomp of h, with n6^ maxsupp( j li ) and hi€U m<n D m , if n>l. 
The condition (|4.6p is clear. To verify (|4.7p we note that if /ij G Hi, then 

\\rihi — Sjhj\\ < \n — Si I < e /i x/4. 

II i t in — it "i| ^ maxsupp(/ti) ' 

If hi £ Hi, by the induction hypothesis, 

||rjfti - Sihi\\ < \\ri(hi - hi)\\ + ||(n - s{)hi\\ < c ^ ej + e maxsupp ( ht) /4: < ^ e,. 

jesupp(hi) j'Gsupp(h 4 ) 
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Thus \\h - h\\ < Ya=i ll r ^i - s i h i\\ < J2j esupp (h) £ ji which proves (jUT]). $M holds by 
construction. Equation (|4.7p now yields, 

1/2 < 1/(1 + e /4)- £ e^ll^ll-ll/i-^H 
jesupp(/i) 

< < ||/t|| + h\\ < 1/(1 + e/4) + £ i^ 1 - 

jGsupp(h) 

Thus D C B x * \ \B X *. Properties a), b), and c) of D follow from flU]), and flS]). 

If (£"4) is 1-unconditional, as defined, we instead begin with 



H 



^ : / £ C N, [B| < 00, ai£Ri and x*ei- for ieB 



We then follow the above construction, similarly without the (1 + e/4)-factors. These were 
necessary to ensure that the hj's were in Bx*- D 

Next we define T and a certain partial order on T and use that to define the A n 's. 

p _ f/ * *\ i > 1 and there exists i/*GZ) so that (r\x\, . . . ,rjx*) 

<i\ r • • • i r j x j ■ are ^ e ^ rg ^. j e i emen ^ s Q f special c-decomposition of y* 

From Theorem 13.111 and Lemma 14.11 we deduce for Q = {{minsupp(xp : j < £} : 

(nxl, . . . rex}) er} 

(4.9) (Ei) is shrinking in X Q is compact. 

We first define an order on the bounded intervals in N by [711,712] < [777-1,777-2] if 77,2 < 777,2 
or 772 = 777-2 and 77i > mi • It is not hard to see that this is a well ordering. It is instructive 
to list the first few elements in increasing order (we let [77,77] = 77): 

= (1, 2, [1,2], 3, [2,3], [1,3], 4, [3,4], [2,4], [1,4], 5 . . .) 

If 7 = ( x* , . . . , x|) G T we let 

1 1 
ran E » ( ^ x* ) = ran E » (7) and supp E , ( ^ x*J = supp E * (7) . 

i=l i=l 

For 7 E r we define the rank of 7 by rk(7) = 77 if ransupp E »(7) = I n . We then define 
a partial order "<" on T by 7 < 77 if rk(7) < rk E *(77). If rk(7) = rk(£) and 7 7^ 77 we say 
that 7 and r\ are incomparable. We next define an important subsequence (m,j)JL 1 of N. 
For j 6 N let m-,- = rk(x*) for x* £ ^4*. Thus mi = 1, 7772 = 2, 7773 = 4 and more generally 
777j + i = 777j + j. Note that 

(4.10) for 7GT, zq = maxsupp E *(7) if and only if 777j <rk(7) < 777j 0+ i . 
The following proposition is easily verified. 

Proposition 4.2. "<" is a partial order on T. Furthermore, 

a) Every natural number is the rank of some element of T and the set of all such 
elements is finite. 
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b) IfjEN and (z*)g{7 : rk(j) = mj} = {(rx*) G T : r G Rj,x* G A*} , then 
{7GT : 7<z*} = {7GT : max supp E , (7) < j} and 
{7GT : 7>(z*)} = {7GT : maxsupp E ,(7)>j and supp s * (7) / {j}} . 

Proof. Lemma [4, II (b) implies that for any n there must be some 7 G V of rank n, and if we 
let s < t, so that I n = (s,i], then 

t-s i 

#{ 7 er :rk( 7 )=n} < £ £ [] ■ #i> n (e^E*), 

s=to<ti<...t/=< i=i 

which yields (a), (b) follows easily from the definition of our partial order. □ 

For n G N, set A n = {7 G T : rk(7) = n}. We will next define c* for 7 £ T (thus also 
defining e* = c* + d*). Following this we will show how the A n 's can be recoded to fit into 
the framework of Section [2j To begin, 

i) we let c* = if rk(7) G {rrij : j G N} (thus, in particular, c* = if 7 G Ax). 

We proceed by induction and assume that c* has been defined for all 7 G T n = Uj=i ^n- 
Assume that 7 G A n+ i with n + 1 ^ {77%/ : j G N}. Let 7 = (rix*,r2X2, . . . , r^x|). There 
are several cases. 

ii) £ = 1, so 7 = (nx*), where |supp E , (xf)| > 1. Let (siy*, s 2 2/"2, • • • > s m,y* m ) be the 
special c-decomposition of x\ and note that m > 2, since ||x*|| > 1/2 > c. Put 
£ = (siy*, S22/2! • • • j s m-i2/m-i) an d let ^ De the special c-decomposition of y* m . 
Define c* = ne| + ns m e*. 

iii) t = 2 and |supp E *(x^)| = 1. Let £ = (x*) and let 7/ be the special c-decomposition 
of x\ and set c* = ne| + T^e*. 

iv) £ > 2 or £ = 2 and |supp E *(x*)| > 1. Let £ = (rix^^x*., . . . r^_ix|_j) and let 77 be 
the special c-decomposition of x|. Define c* = e| + r^e*. 

Note that in the cases (ii), (iii) and (iv) k := rk(£) < rk(r/) < n and, furthermore, as can 
be shown inductively 

(4.11) minsupp F „(e*) > m minranEt ( 7 ) for all 7 G A n . 

For the recoding we proceed as follows. We will identify A n with new sets A conforming 
to Definition [2J] Set A x = A 1 = {(rx*) : r G R\, x* G AfJ. For n > 2 we will identify A n 
with A n = A^ ' 1 U Aj. . Assume this has be done for j < n. We let 7 G A n+ i and define 7 
in the four cases above. 

i) If 7 = (rx*) with r G Rj and x* G A* for some j G N, and thus rk(7) = rrij, we let 
7 = (rrij, 0, 0, rx*), i.e. we choose /3 = 0, 6* = and (rx*) to be the free variable. 

In the next three cases let £, 77 and fe = rk(£), £,m, rj, j < £, and Sj, j < m, be as above in 
(ii), (iii) and (iv), and let £ and rj be the recodings of £ and rj. 

ii) If 7 = (nxl), with |supp E * | > 1, we let 7 = (n+ 1, 2ri, |(e| + s m e~))- 

iii) If 7 = (rixJ,r 2 X2), with |supp E *(xi)| = 1, let 7 = (n + 1, n, fe, £, r 2 , e~). 

iv) If 7 = (rix*, r2X2, • • • , r^x|), with I > 2 or |supp E » (x*J| > 1, let 7 = (n + 
l,l,fc,£,r*,e~). 

In cases (i) and (ii), 7 is of type 0, while in the other cases it is of type 1. In cases (ii),(iii) 
and (iv) the set of free variables is a singleton and we have thus suppressed it. Definition 
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yields that the Bourgain-Delbaen space corresponding to the A n 's is exactly the same 
as the one obtained from the A n 's above. Indeed, in (ii), (iii) and (iv) the definition of c~ 
involves the projections PR. n y But PR, n i(e*) = e* by Proposition 14.21 and 14. Ill Also, from 

our construction, we note that (|2.9j) is satisfied for the A n 's since the factors r involved are 
all at most 2c < 1/8) unless the relevant b* = e* and c* = 0, for some t/GT. It follows as in 
Remark 12.51 that F* = (Fj) is an FDD for £i, whose decomposition constant M does not 
exceed 2. 

Let 7 = (rix\, . . . ,r£X* £ ) G T, i > 2. Then by iterating case (iv) we can compute the 

analysis of e*. Namely e* = Yfj=s( d *j + r i e *r, 3 ) + e * 2 > where Ij = {r x x\, . . . , r e xf), for 
2 < j < I, and rjj is the special c-decomposition of x*, for 3 < j < t. By considering the 
different cases where |supp E *(x*)| has one or more elements we have 



(4.12) e 



EJ=i d*. + rje*. if |supp E , (a?J)[ = 1 

£,'=2^ + r 3 e W + d 7i + rie l' + r i s ™e* v i if |supp E *(xJ)| > 1, 

where in the bottom displayed formula, using case (ii), £j = (siy*, . . . , Sm-iy^j), where 
(siy*, . . . , s m _iy^ l _ 1 , Sm2/m) i s the special c-decomposition of a;*) and rf is the special c- 
decomposition of y^. 

From l4TT2l Corollarv l3.14l and our construction using special c-decompositions of elements 
of D, it follows that (Fi) is a shrinking FDD, if {Ei) is a shrinking FDD. Indeed, then the 
set {(minsupp E .x*)^ =1 : {r\x\ } . . . ,r^x\) GT} is compact. From the analysis (|4.12p we see 
that C = {cuts(7) : 7 G T} is also compact. 

To complete the proof of Theorem A it remains only to show that X embeds into Y, the 
Bourgain-Delbaen space associated to (A„). As in Section [2] we let J m : £oo(T m ) — > Y C 
^oo(r) be the extension operator, for m G N. 

Definition 4.3. For i G N, define 4>i '■ Ei ->■ 4o(A m J by 4>i(x)(rx*) = rx*(x). Define 
<t> ■ coa(®Zi Ei)^Y = C ^(r) by <j>{x) = Y^J m ° M*?*) ^(©Si 

In proving that A embeds into Y we will use the following connection between the 
functionals e* and the elements 7 G T deriving from the elements of D. 

(4.13) If n G" {rrij : j G N} and 7 = (ni;*, . . . , r#c|) G A n , then c* = ae*t + /3e*, 

where £ = (siyl,s 2 y* 2 , ■ ■ ■ ,s k y* k ) and n = {t\zl, . . . , Wm) are in A n _i, such that 
€ i £ 

nxt = a^2 Siy* + Uz*. 

i=l i=l i=l 

This is easily verified using (ii), (iii) and (iv). Note that, since A* C Be* is (1— e/4)-norming 
Ei, (1 - e/4)||x|| < \\<f>i{x)\\ < \\x\\ for all x £ E { . 

Proposition 4.4. The map (ft extends to a isomorphism of X into Y , and 

(1 - e)||x|| < \\4>{x)\\ < \\x\\ for allxeX. 

Proof. Using (|4.13p and the definition of (f>j, j G N, we deduce, by induction on the rank of 
7 G T, that for all 7 = {r\x\, . . . , r e x* e ) G T and all x G CQQ{@'^ =l Ej), 

1 

e*{<j){x)) = ^2r jX *(x). 
3=1 
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Using the bimonotonicity of E in X, and the properties of the set D C Bx* as listed in 
Lemma I4~T1 we obtain for x G coo(ffi^=i-Ej') 

i 

(1 — e)||x|| < sup = sup ^VjX*(:r) = sup |e*(0(x))| < ||x||, 



7gr 



which implies our claim. □ 

We will be using the construction of Y and all the terminology and notation of that 
construction in the next two sections. In the proof of Theorems B and C we will also 
be using the construction for V replacing X where V has a normalized bimonotone basis 
( v i) ( jZi- I n this case the ViS play the role of the Ei's, more precisely E^ is replaced by 
span(t>j). To help distinguish things we will write BDx and BDy for the respective 
spaces containing isomorphs of X and V. 

Finally, it is perhaps worth noting that, in the V case we could alter the proof slightly 
by allowing the scalars Ri to be negative and £j/8-dense in [—1,1] \ {0} and take A* = 
{ 1 _^ £ / 4 v*}. In the case that (vi) is also 1-unconditional we can use A*- = {v*} (see the 
second part of Lemma I4.ip . We would then obtain 

Corollary 4.5. Let V be a Banach space with a normalized bimonotone shrinking basis 
( v i)iZi- Then W embeds into a space Z, with a shrinking basis (zi)fl 1 so that (yi)'?Z 1 
is equivalent to some subsequence of (zi) ( *L 1 . 

In case that V is the Tsirelson space T C;Q! the construction of a Bourgain-Delbaen space 
containing V becomes simpler. 

Remark 4.6. Let X be the Tsirelson space T C)Q ,, where a < ui\ and c < 1/16- In T* a there 
is a natural choice for the set D satisfying the conditions of Lemma 14.11 (1-unconditional 
case). Indeed, we let D = (J^L D n , where D n , n > is defined by induction 

(4.14) Do = {±e* : j € N} and assuming Dq, D\ . . . D n have been defined we let 



A- 



A: 



>2, x* G \Jj=o D ji for * - k > {minsupp(x|) : i < k} G S Q 



^ n+l yZ^^ 1 ' anc i maxsupp(x*) < minsupp(x* +1 ), if i < k. ^ 

In that case D 1-norms T CjQ and V also has a simple form in this case: 

a,c — <^{cx 1 ,cx 2 , ■ ■ ■ ,cx e ) . maxS upp(x*) < min supp(x* +1 ) , if i < £, J °' 

Our construction in Theorem A leads then to a Bourgain-Delbaen space containing isomet- 
rically T CiQ and it is very similar (but simpler) than the construction in [4j where a mixed 
Tsirelson space was used instead of T CjCf . 

In summary, our proof of Theorem A, then yields the following theorem. 

Theorem 4.7. Let X be a Banach space with a bimonotone FDD E = (Ej) and let e > 0. 
Then X embeds into a Bourgain-Delbaen space Z having an FDD F = (Fj), such that 
a) For n G N, there are embeddings (f> n : E n — > F mn , so that 

4> ■ COO ( ®n=l E n) Z^2 x n^/^2 

extends to an isomorphism from X into Z with (1 — e)||x|| < [|^(»)|| < ||x|| for 
x ( .V . 
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b) F is shrinking (in Z) i/E is shrinking (in X). 

From Theorem 14,71 and [131 Corollary 3.5] we obtain 

Corollary 4.8. There exists a collection {Y a : a < ooi} of spaces such that Y* is 2- 
isomorphic to l\, and Y a is universal for the class T> a = {X : X separable and S Z (X) < a}, 
for all a < u)\. 

5. The proof of Theorems B and C 

The constructions which will be used to prove Theorems B and C are augmentations of 
sequences of Bourgain-Delbaen sets as introduced in Section [2j 

Definition 5.1. Assume that (A n ) is a sequence of Bourgain-Delbaen sets, and assume 
that (A n ) satisfies the assumptions of Proposition [2~4~1 with C < oo, and hence M < oo. We 
denote the Bourgain-Delbaen space associated with (A n ) by Y and its FDD by F = (F n ). 
Since we will deal with different Bourgain-Delbaen spaces we denote from now on the 
projections Pa of Y onto (Bj^AFj, A C N finite or cofinite, by Pj. 

An augmentation of (A n ), is then a sequence of finite, possibly empty, sets (0 n ) having 
the property that (A n ) := (A n U @ n ) is again a sequence of Bourgain-Delbaen sets. More 
concretely, this means the following. 0i is a finite set and assuming that for some n G N, 
(0j)™ =1 have been chosen, we let Aj = Aj U0j, Aj = \J J i=1 &i, and Fj = \J J i=1 Aj, for j < n, 

where n +i is the union of two sets, O^+i an( ^ ®1+ 1> which satisfy the following conditions. 
,(o) 



@ n +i is finite and 

(5.1) 9^ C { (n + 1, p, b* , /) : G [0, 1] , b* G B ti {fn) , and / G W (n+W) } , 

where W^+i^b*) is a finite set for /3g [0, 1] and b* 6B^^ i. 



0„.L is finite and 



{ fc ^!(r n \r fc ) ancL / fc W (n+l,a,k,t,P,b*) J 

where W( n+1 ^ k £p^ is a finite set for aG [0, 1], k G {1, 2, . . . , n - 1}, £G A fc , /3g [0, 1], and 

We denote the corresponding functionals (see Definition 12. 2 p by for 7 G T. We require 
also that (A n ) satisfies the conditions of Proposition 12.41 so that F* = (F n ), with F n = 
span(ei : 7 G A„) is an FDD of ^i(T) whose decomposition constant M can be estimated 
as in Proposition 12.41 We denote then the associated Bourgain-Delbaen space by Z, and 
its FDD by F = (F n ). As in Section [21 we denote the projections from Z onto 0™ fc -Fj, 

by PE m u if & < to, or by , if k = m. The restriction operator from ^oo(r) onto 
^oo(rn) or ^i(T) onto ^i(T n ) is denoted by R n and the extension operator from £oo(T n ) to 
®f =1 Fj C Z C £oo(T) is denoted by J m . 

Note that by Corollary I3.14[ under assumption ([2.91) . F is shrinking in Z if {cuts(7) : 
7 G T} is compact. 

Remark 5.2. In general Y is not a subspace of Z. Nevertheless it follows from Proposition 
21 that F m is naturally isometrically embedded into F m for m G N. Indeed, the map 



VVn • F m y F m , x 1 y J m J m (x) — Jm{x\A n 
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is an isometric embedding (where we consider £ OQ (A m ) to be naturally embedded into 
loo(A m ) and £oo(A m ) naturally embedded into loo(T m ))- We put 

(5.3) V : coo ( ®T=i F i) ^ c oo ( ®T=i T i) > ^ Mi 

We define r/> on (ffi^F,-)^ by ^(fo)^) = (if>j( x j))^=l G E^Li^i, a sequence in (Fj)£i- 
Note that if 7 € A n then we can regard, for x = (xj) G (ffi-f))^ ; c y( 7 / ; ( 2; )) = c * (X?=i ^j^j))- 
It is worth noting that for y G coo( ©jUi ^j')> '^(y)lr = Thus ■0 extends such elements to 
elements of Z. However this extension is not necessarily bounded on Y. In any event, if we 
define vr(z) = z|r for z G Z then 7r : Z — > Y. 

The following provides a sufficient criterium for a subspace of Y to also embed into the 
augmented space Z. 

Proposition 5.3. Assume that X is a subspace of the Bourgain-Delbaen space Y with FDD 
F = (Fj) and which is associated to a Bourgain-Delbaen sequence (A n ). Assume moreover 
that coo(ffi^Li-Pi) H X is dense in X. 

Let (0 n ) be an augmentation of (A n ) with an associated space Z, and assume that 
\c^(i/j(x))\ < cx||ic|| for all 7 G A = UjeNAj an< ^ a ^ x ^ ■ Then ip embeds X into 
Z and \\x\\ < ||^>(sg)|| < max(l, cx)||sc||. Furthermore, for x G X, ir(ip(x)) = x. Thus 
ir : ip(X) X is the inverse isomorphism of ip\x- 

Remark 5.4. In |25} Lemma 3.1] and |18] it was shown that every separable Banach space 
X can be embedded into a Banach space W with FDD E = (Ej), so that X n coo(ffi^=i-%) 
is dense in X. Moreover, (Ej) can be chosen to be shrinking if X* is separable. Using 
the construction of Theorem A, we can therefore embed W into a Bourgain-Delbaen space 
Y which has an FDD F = (Fj) so that Ej embeds into F m . for some increasing sequence 
(vrij). It follows therefore that the image of X under the embedding into Y has the property 
needed in Proposition 15.31 

Proof of Proposition [5731 For x G X and 7 G T we first estimate e^(ijj(x)). If 7 G T then 
e*(ip(x)) = e*(x), and thus it follows that ||^(x)|| > IMI^r) = IMI f° r all x G A" and 
7r(ip(x)) = x. If 7G A it follows that 

\e^(tp(x))\ = \c^(ip(x))\ < c x \\x\\ 

and therefore the restriction of ip to X is a bounded operator, still denoted by ip, from X 
to ^oo(T), and < max(cx,l). 

We still need to show that the image of X under ip is contained in Z. However tp(X n 
coo(®f =1 Fj)) C Z since ip(X n Fj) C tp(Fj) cFjCZ for all j G N. Thus the image of ij) 
on a dense subspace of X is contained in Z, and hence tp(X) <Z Z. □ 

Theorem 5.5. Let Y be the Bourgain-Delbaen space associated to a sequence of sets (A n ) 
and let F = (F n ) be the FDD ofY. Let X be a subspace ofY and assume that coo(©j^iF^ )ri 
X is dense in X and let V be a space with a 1 -unconditional, and normalized basis (v n ). 

Then there is an augmentation (0 n ) of (A n ) with an associated space Z and with FDD 
F = (i^n) so that the following hold. 

a) X embeds isometrically into Z via tp. 

b) IfF and (vi) are shrinking, then F is also shrinking and, thus, Z* is isomorphic to 
t\. Furthermore, if (z n ) is a normalized block basis in Z , with the property that 

5 = inf dist(z n , ip(X)) > 

nGiV 
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then (z n ) has a subsequence (z' n ) which dominates (vt n ) where k n = maxsuppp(-2^)+l, 
for n G N. 

c) If X has an FDD E = (E n ), with the property that E n C F n , for n G N, then in 
this case we can choose (0 n ) so that 

oo 

ctj(%l>(x)) = 0, whenever, 7 G A = Qj and x£X. 

3=1 

Moreover every normalized block sequence (z n ) satisfying 

(5.4) maxsuppp(z n ) +n + 2 < minsuppp(z n+ i) and <5 = inf dist(z n , tp(X)) > 0, 

dominates {vk n ), where k n = maxsuppp(z n ) + 1. 

Remark 5.6. In case (c) we allow some E n to be the nullspace {0}. As noted in the 
introduction, this will be convenient. In the case of Theorem A, we actually had Ej C F mj , 
but we choose to simplify the notation in the arguments below. 

Proof of Theorem 15. 51 The construction of (0 n ) will differ slightly depending on whether 
X has an FDD or not. 

We use the construction of Section [5] for the space V with c < 1/16 

using as an FDD for 

V the basis Oi)-Si and A* = {±v*} for all j G N. We write D v , A%, T%, ... to distinguish 
these sets from A n ,r n , . . . which came from the construction of Y. Thus we obtain a 
space Y v and a y^-embedding (see Proposition I4.4p <fi v : V — > y^.The numbers e < c and 
(e n ) C (0, c) satisfy, as in Section HI the condition (|4.ip . 

Now D v = D is as defined in the unconditional case of Lemma 14.11 for the space V. We 
also note that in the case that V is the Tsirelson space, T CiQ with a < oj\ and c < 1/16 we 
could use D v and F v = T r a as defined in Remark 14.61 

We define by induction for all n € N the sets n and the sets 0^ and @n \ if n > 2, 
satisfying (15. ip and (15. 2p . Moreover, we also define a map n —} F v , 7 i-> 7^ so that 

(5.5) cuts (7) is a spread of {minsuppy.(x^),minsuppy«(x2), • • . ,minsuppy*(a;|)}, 

where ^y v = (x*,X2, ■ ■ ■ ,x}) £T V , for 7 € 0„, and maxsuppy. (7 ) < n. 

The set of free variables will be a singleton, and a will always be chosen to be 1 in (|5.2p . so 
we suppress the free variable and a, in the definition of the elements of Q n . 

To start the recursive construction we put ©i = 0, and assuming 0^- and 0^- have been 

chosen for all j < n, we proceed as follows. Aj, and Tj, j < n, F* and Pjiju < k < j < n, 
are given as in Definition 15.11 Since Y is a subspace of ^(r), and since T n C r„, ei, 
7 G T n , is a well defined functional on y (and thus on X). The map tp : X — > YYjLi Fj 
will be defined ultimately as in (|5.3p . At this point for x G X, ip(x)\j; is defined and so 
e^(tp(x)) = d^(il)(x)) is defined for 7 G r n . Thus we can choose for < k < n, finite sets 

{b* G ^ l( r n \r fe ) : P fk*n]( b *)Wx) = °} ' assuming X has an FDD 
i^i(r„\r fc ) , no assumptions on X 

which are symmetric and e n +i/(2M + 4) dense in their respective supersets. Then we put 

eSi=e&?ue£3with 

e n+l = {( n + 1) rc > & *) : ( rv n+i) G r V and 6* G £(o, n ]} 



-B(fc,n] C 
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q(0,2) — f ( n + i r e *\ . V G ^x* <ED V so that (rx*) G T y with |supp y ,(x*)| > ll 

"+ 1 [ ' ' v and r] v is the special c-decomposition of x* j 

and 

" \ 7 " (n + 1 ' /e '^' rC ' 6 J • W i t h \ct^(x))\ < \\x\\ for all x G X J 

k < n, £ G 8fc, ??G A n , 3x* G -D y with |supp(x*)| > 1, so" 
6„+i = < 7 = (n + 1, /c,^, r, e±) : that (£ y , rx*) GT y +1 , and is the special c-decom 

position of x* with \c^(ip(x))\ < \\x\\ for all x G X 



Note that for (n + l,r, ei) G S^+i or (n + l,k,£,r,e^) G S^+i we have that r < c since 
|supp(x*)| > 1. We define for 7 G A n , n > 2, 

(r< +1 ) if7 = (n + l,rc,6*)G9S. 1 1 ) , 



7 V 



(rx*) if 7 = (n + 1, r, ei) G ©„_j-i ' wnere ?? is the special c-decomposition of a;*, 

(? y , rv* n+1 ) if 7 = (n + 1, k, I rc, b*) G e£# , 

(£ , rx*) if 7 = (n + 1, fc, £, r, e*) G S^+i , where fj v is the special c-decomposition of x* 

Then condition fj5.5[) follows immediately for the elements of O^+i, while an easy in- 
duction argument proves it also for the elements of Q^+i- ^ ^ s wor th pointing out that 
{j v : 7 G A} is a proper subset of r , but nevertheless is sufficiently large for our purposes. 

Proposition 12.41 yields that (A n ) admits an associated Bourgain-Delbaen space Z with 
FDD F = (Fj) whose decomposition constant M is not larger than max(M, 1/(1 — 2c)) < 
max(M, 2), where M is the decomposition constant of (Fj). If (Fj) and (v n ) are both 
shrinking in V, and thus, the optimal c-decompositions of elements of By* are admissible 
with respect to some compact subset of [N] <w , our condition (|5.5p together with Theorem 
13.111 and Corollary 13.141 yield that the FDD F = (F) is shrinking in Z. The definition of 

together with Proposition 15.31 imply that ifi isomorphically embeds X into Z. 
To verify parts (b) and (c) of our Theorem and will need the following 

Lemma 5.7. Let (z*) be a block basis in Z* with respect to F* and (5j) C [0, 1] with 
YljeN^j — 1- Assume that \z*(ip(x))\ < 5j for all j G N and x G Bx- Define for n G N 
p n = minsuppp*(2i*) — 1 and q n = maxsuppp* (z*) + 1 (thus suppp*(z*) C (p n ,Qn)) and 
assume that 

(5.6) Z* = Pf p * nAn) {z* n ) f° r some ~ z n G B (q„, Pn )> and Qn + n < p n+1 . 

) j=1 ~ - l _ J3 = 1 Mj^ qj 

(5.7) Pjl i9n) (4) = c(3 n z* n , for alln<N, and P ¥ \e*)^(x)) = £ c/3 n z* n W(x)) if x G X. 

71=1 

Proof. We prove our claim by induction on N G N. If N = 1 then w* = ±1^, and we 
let 7 = (q n ,c,±zt) G eS' 1} . Then e£ = d* ± cz* and Pj* ^ } ( e *) = ±cz*, depending on 
whether f}\ = ±1. Since dL(ij)(x)) = for x G X we also deduce the second part of (|5.7|) . 



T/ien for any sequence (PjW =1 with w* = Y2j=i Pj v *q ^ D v there exists 7 G Ajv+ 9jv so that 



N 
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Assume that our claim holds true for N and let w* = Ylj=i Pj v qj G D v . Then, by our 
choice of D v (see Lemma EL"Tj) . w* has a special c-decomposition (riwl, . . . ,r£W^), and we 



write w* as w* = E£jv_!+i with = A/ r i' for 3 ^ £ and ^Yj'-i + 1 < * < A~ : 



and Nq = < JVi < . . . Ng = N + 1. Since I > 2, we can apply the induction hypothesis 
to each w* and obtain rjj G A g ^ + jVj-ATj_i) i = 1,2...^, so that P^^^(e^) = cfirP z* if 
iVj_i <n< Nj. Now let 



7i 



(gi, cr i, sign (A)^*)} if |supp(wj)| = 1 
(p* 1+1 ,ri,e£ ) if |supp«)| > 1. 



Note that, in the second case, by assumption (|5.6p q Ni +Ni < pn ± +i and thus rj 1 G A Pjv -i« 
Assuming we have chosen 7,-_i, for 2 < j < £ we let 

f(9Ar,.7j-i.crj.sign(^ if |supp(u>J)| = 1 
3 \(q Nj + ^ - N J-l + 1 »7j-i,rk(7 J -_ 1 ),r i ,4 j ) if |supp«)| > 1. 
Using the induction hypothesis on the ^ 's, we deduce by induction on j = 1, ... £ that for 

e± (^(x)) = 4.(^(x)) < £ |c/3„<(V(x))| < 5^<y„||x|| < ||x||, 

n=l n=l 

and thus j 1 G Ogi' 1 ^, if |supp(it;*)| = 1, and j 1 G &p' ] ^\ 1 , if |supp(iOi)| > 1, and jj G ©g^j 



if |supp(taj)| = 1, and 7 . G 8 J 1,2) +JV ^ +1 , if |supp(^)| > 1, if j = 2, 3 . . . £ 

j 

Finally we choose 7 = 7^ which in both cases is an element of A qN It follows for 

n < N, and 1 < j < £ such that i\Tj_i < n < Nj that 

P F* / M _ P F* / * \ J«"jSig n (^)< if |supp(u£)| = l\ _ „ 

'W)^ - *W,*0 W - ^P^ei) if |su PP (^)| > 1 J " 

which finishes the verification of the first part of (|5.7p . while the second part follows from 
the induction hypothesis applied to the 77,'s. □ 

Continuation of the Proof of Theorem 15.51 To finish the proof we consider a normalized 
block basis (z n ) in Z, with Sq = inf n dist(z n , ip{X)) > and the additional property (15. Ab 
in the case where X has an FDD. Let p n = mmsuppp^n,) — 1 and q n = maxsuppp^n) + 1. 
It follows that q n + n < p n +i, for n G N. In this case (X has an FDD) we choose z* G 
©je(Pn,gn)^i> with IKII ^ > ^ and <|^ (x) = 0. 

In the case (b) we proceed as follows. We choose y* G Z*, \\y* \\ < 1, so that Un( z n) > <5o 
and UnliptX) = 0- After passing to subsequence and using the fact that (zk) is weakly null, 
we can assume that y* is u>*-converging, and after subtracting its w* limit and possibly 
replacing 5q by a smaller number we can assume that (y*) is null. 

After passing again to subsequences, we can assume that there exist p n 's and q n 's with 

W P (p n ,q„)(yn) -V*n\\ ^ £ n 

and q n + n < p n +i for n G N. Then we let z* = q ^(y*)/(l + e), and deduce that 
< 1 and z* n {z n ) > 5q/(1 + e)) =: 5' . 
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In both cases we found G ®p" n+ \F*, with < 1, z* n (z n ) > 5' and z*\^( X ) = in the 
first case and ||^nl^(x)|| — £ n in the second. 

By Proposition O we find b* G £i(T gn _i \ T Pn ), for n G N so that \\b* n \\ h < ~M and 




Using now the density assumption of B^ pn ^ we can choose 6* G ^(p g „) with ||6* — 
< 8gJ(2M+4) <_e gn /2M, since M < MV2. So if we let z* = P^Jb^^e deduce 
that \\z*/M - < 2Me qn /2M = e qn and hence 5*(z n ) > z*(z n )/M - \\z*/M - z*\\ > 
6'o/M-en, for all n G N. _ 

Let no G N be such that 5' > 2e no M. It is enough to show that (z n ) n > no has lower 
(vg n ) n > no estimates. We can therefore assume without loss of generality that no = 1. Let 
(aj)f =1 C M with || J2j =i a j v n II — 1 anci using Lemma HJ] (in the unconditional case) we 
can choose (Pj)? =1 C M with XjJLi /S^v* G so that 

N N N 

Yl Pi v ij ( Yl a i v n) = Yl a iPi - ~ £ )- 
j=i j=i j=i 

Since (p n ) and (q n ) satisfy the assumptions of Lemma \577\ we can choose 7 G A so that 

N N _ N 

4(E<W) = E a i^ P fe,«)(4)(^) = c^ajPjzfcj) > c(l - e)5 /2M, 
j=i j=i j=i 

which finishes the proof of (b) and (c) and thus Theorem 15.51 in full. □ 
We now prove Theorem B. 

Proof of Theorem B. Let X and f7 be totally incomparable spaces with separable duals. 

By Theorem 13.81 U embeds into a space W with an FDD which satisfies subsequential 
7c jQ .-upper estimates for some a < oj\ and some < c < 1. As noted before we can assume 
that, after possibly replacing a by one of its powers, we can assume that c < 1/16. We also 
noted that Proposition 7 in [27] calculates the Szlenk index of T a ^ c to be Sz(T atC ) = uj auJ . We 
may thus choose /3 > a so that Sz{Tp^c) > Sz(T ac ). Furthermore, any infinite dimensional 
subspace of T a ^ c has the same Szlenk index as T a ^ c . We immediately have that T a ^ c and Tg c 
are totally incomparable, that is no infinite dimensional subspace of T Q C is isomorphic to a 
subspace of Tg c . This idea can be refined further to give that no normalized block sequence 
in T QjC dominates a normalized block sequence in Tg c . 

Using Theorem A and Remark l5.4l we can embed X into a Bourgain-Delbaen space Y with 
shrinking FDD F = (Fj) so that X n ^(©^i-Fj) is dense in X. We apply now Theorem 
15.51 to Y, with (vj) being the unit vector basis of T C]j g, to obtain a Bourgain-Delbaen space 
Z, and an embedding ip of X into Z, so that every normalized block sequence, which has 
a positive distance to ip(X), has a subsequence (zj) which dominates some subsequence of 
(vj). If (zi) is equivalent to a basic sequence in U, then (z{) is dominated by a subsequence 
of the unit vector basis for T c ^ a . Thus a subsequence of the unit vector basis for T a ^ c must 
dominate a subsequence of (vi) (the unit vector basis for Tg c ), which is a contradiction. 
Thus no normalized block sequence in Z, which has a positive distance to ip(X), is equivalent 
to a subsequence in U. 

Now any normalized sequence in Z has a subsequence which is equivalent to a sequence 
in X or has a subsequence which has a positive distance to ip(X). In both cases it follows 
that the sequence is not equivalent to a sequence in U. Theorem B follows. □ 
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Proof of Theorem C. Assume that X is reflexive. Using Theorem 13.91 we can assume that 
X has an FDD (Ei) which satisfies for some a < uj± both subsequential T a)C -upper and 
subsequential T* c -lower estimates. As noted before we can assume that c < 1/16- 

By Theorem 14.71 we can embed X into a Bourgain-Delbaen space Y with a shrinking 
FDD F = (Fj), associated to a sequence of Bourgain-Delbaen sets (A n ), via the mapping 
tp given in (|5.3[) . 

Now we apply Theorem 15.51 (b) to the unit vector basis (vj) of T* c and obtain an aug- 
mentation (0 n ) of (A n ) generating a Bourgain-Delbaen space Z having an FDD F=(Fj), 
so that every normalized block basis (z n ) in Z has a subsequence which is either equiva- 
lent to a block sequence in X, or which dominates a subsequence of (vj). Moreover, the 
later case holds for all normalized block bases of (z n ). In both cases it follows that this 
subsequence is boundedly complete, and since it is shrinking it follows that it must span a 
reflexive space. □ 

Similarly we can show the following result, whose proof we ommit. 

Theorem 5.8. Let X be a Banach space with separable dual and let (uj) be a shrinking 
basic sequence, none of whose subsequences is equivalent to a sequence in X. Then X 
embeds into a Bourgain-Delbaen space Z whose dual is isomorphic to t\, and which does 
not contain any sequence which is equivalent to any subsequence of (uj). 

Using a construction similar to one in the proof of Theorem [53] we can show the following 
embedding result for spaces with an FDD satisfying subsequential lower estimates. 

Theorem 5.9. Let V be a Banach space with a normalized unconditional basis (vi), having 
the following property. 

(5.8) There is a constant C > so that for any two sequences (p n ) and (q n ) in N, 
with p\ < q\ < p2 < <72 < • • ■, (v Pn ) C -dominates (v qn ). 

Let X be a Banach space with an FDD (Ei) which satisfies subsequential V -lower estimates. 
Then X embeds into a space Z with an FDD (Fj) which satisfies skipped subsequential 
V' -lower estimates where V is some subsequence of V . Furthermore, if (Ei) and (vi) are 
both shrinking, then (Fi) can be chosen to be shrinking too. 

Proof. After renorming, we may assume that the FDD E = (Ei) is bimonotone and that 
the basis (v{) is 1-unconditional. We use the construction of Section [J] to define a Coq space 
Y with an FDD F = (Fi) and an embedding (j) : X — > Y such that <f>(Ei) C F mi for some 
sequence (mi) £ [N] w . For convenience, we will refer to the space 4>(X) as X. As the FDD 
(Ei) satisfies subsequential U-lower estimates, there exists K > 1, so that 

(5.9) if (xi) C X is a normalized block sequence such that Xi € ©I^L Fj, 

J Pi 

with 1 = pi < qi < p2, ■ ■ ., then (xi) K-dominates (%). 

We now define the Banach space V = V ®cq with basis (vi) given by v mi = Vi and Vi = e, if 

i £ {nT-j}, where (ei) is the unit vector basis of cq. It is clear that (vi) is a 1-unconditional 

normalized basic sequence, and that (vi) is shrinking if (m) is shrinking. 

We denote the projection constant of (Fi) by M. The sets (A„), e^' 1 ), 6 (0 ' 2) , 9 (1,1) , and 
9(1,2) 

are defined as in Theorem 15.51 for some constant c < 1/K, the basic sequence (vi), 
and some inductively chosen e n _|_i/(2M + 4)-dense sets £?(fc >n ] C -B^ 1 (r, l \r fc ) (i- e - we are us i n § 
the case "no assumptions on X"). This construction yields that (A n ) admits an associated 
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Bourgain-Delbaen space Z with FDD F = (Fj) whose decomposition constant M is not 
larger than max(M, 1/(1 — 2c)) < max(M, 2). If (Fj) and (v n ) are both shrinking in V, and 
thus, the optimal c-decompositions of elements of By* are admissible with respect to some 
compact subset of [N] <w , we have that the FDD F = (F) is shrinking in Z . Furthermore, 
we have an isometric embedding if] : X — ^ Z. 

Before continuing, we need the following lemma which is analogous to Lemma 15.71 

Lemma 5.10. Let (z*) be a block basis in Z* with respect to F* such that there exist integers 
pi < q\ < p2 < (ft--- with suppp*(z*) C (,rn Pn ,m qn ) for all n G N. Assume that 

< = P (m pn ,m m )(*n) for some z* G B {mpn ^ mqn) „ for n G N. 

Then for any sequence (/3j)jLi with w * = Ylf=i Pj v q- G D v , there exists 7 G Ajv+fe^ so that 

_ _ N 

(5.10) Pf^ mqn) (ei f ) = cp n zl ifn<N, and P F (e^)(V(x)) = J] c/3 n <(^(x)) i/xGl. 

n=l 

Since parts of the proof are essentially the same as the proof of Lemma 15.71 we will only 
sketch it and point out where both proofs differ. 

Sketch. We will prove our claim by induction on N and the case N = 1 is exactly like in 
the proof of Lemma [5771 (with pj and qj being replaced by m Pj and m qj , respectively). To 
show the claim for N + 1, assuming the claim to be true for N, we let w* = SjS 1 fijVm q . = 

SjS 1 ftj v qj ^ D v , and define t G N, t > 2 and 7^ and 77^, j = 1, 2 . . . , t, as in Lemma loTfl We 
need only to show by induction on j = 1, 2 ... £, that |ei (ip(x))\ < \\x\\ for x G X (without 
the assumption of Lemma [5.71 that \Zj(ip(x))\ < 5j\\x\\, for j < I). Using the induction 
hypothesis on the Wj's, we deduce by induction on j = 1, ... £ that for x G X 

|ei Ms)) I =|4 ty(x))| 



<^|c/3 n <^(x))| 

n=l 
n=l 

\n=l y yn=l 



n=l 



^ C || E (ll P ( F ^,m, n )(^(^))ll^„ + ll^,m Pn+1 ](^(^))ll^ n+i : 



n=l 

< cKllxll < llxl 



(in the penultimate line we use the 1-unconditionality of (dj) and in the case of j = £ we 

. i\t! \n\ '-<<■* iijiv vvv 1 1. tv \ ~ .f • • / 1 i (mu wlii.^ | >_ ^~ ^ 



put p N(+1 = m q N +1> for the last line we use (I5.9P ) and thus 7 X G 8^ , if |supp(w 1 )| = 1, 
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and 7j G 8S; 2 ] , if |supp(u;*)| > 1, and 7 y j G G^j , if |supp(u;*)| = 1, and 7 y j G 

(1 2) 

G„ ' +N ._ N . ..I, if |supp(^J)| > 1, if j = 2, 3 ... £ We put then 7 = 7%, and the rest of 

the proof follows again like in Lemma 15.71 . □ 

Continuation of the Proof of Theorem 15.81 To finish the proof we consider a normalized 
block basis (z n ) in Z such that there exists sequences p\ < qi < P2 < Q2 ■ ■ ■ with suppp(z n ) C 
( m P„, m qn) for a11 n G N. We choose z* G ®je(p n ,q n ) F p with \\ z n\\ ^ h z n( z n) > 5=. 

By Proposition 12.71 there exists 6* G £i(r gn _i \ r Pn ), for n G N so that H^H^ < M and 
z* n = P* p q Using the density assumption of -B( Pni(Jn ), we choose 6* G -B(p 9n ) with 

- ife* || < e 9 „/(2M + 4) < e 1 „/2M 1 since M < M V 2. So if we let 2* = ^^^(fe^we 
deduce that \\z*/M - z*\\ < 1Me q J1M = e Qn and hence z*(z n ) > z*(z n )/M - \\z*/M - 
z*\\ > l/M-e n , for all n G N. 

Let (ay)|Li C R with || Q-jVqj l| = 1 and using Lemma 14.11 (in the unconditional 

case) we can choose (Pj)f =1 C R with J2f=i PjVy 6 # y so that 

AT AT AT 

h v l ( E a i%) = Yl a iPi - ^ ~ £ )- 

Since (p n ) and (g n ) satisfy the assumptions of Lemma 15.71 (recall that mj + i = j + rrij), 
we can choose 7 G A so that 

AT N _ N 

4(E«i z i) =E^ P £*)(4)fe) = ''»r^jwi > c(l -e)(l/M- E ), 
i=i i=i j=i 

which gives that (z n ) dominates (i><j n ). Thus we may block the FDD (-Fj) to achieve the 
theorem. □ 
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